Modeling the dependency between stock market returns is a difficult task when returns follow a complicated dynamics. When returns are non-normal, it is often simply impossible to specify the multivariate distribution relating two or more return series. In this context, we propose a new methodology based on copula functions, which consists in estimating first the univariate distributions and then the joining distribution. In such a context, the dependency parameter can easily be rendered conditional and time varying. We apply this methodology to the daily returns of four major stock markets. Our results suggest that conditional dependency depends on past realizations for European market pairs only. For these markets, dependency is found to be more widely affected when returns move in the same direction than when they move in opposite directions. Modeling the dynamics of the dependency parameter also suggests that dependency is higher and more persistent between European stock markets.
Introduction
An abundant literature has investigated how the correlation between stock market returns varies when markets become agitated. In a multivariate GARCH framework, for instance, Hamao et al. (1990) , Susmel and Engle (1994) , and Bekaert and Harvey (1995) have measured the interdependence of returns and volatilities across stock markets. More specifically, Longin and Solnik (1995) have tested the hypothesis of a constant conditional correlation between a large number of stock markets. They found that correlation generally increases in periods of high-volatility of the U.S. market. In addition, in a similar context, tests of a constant correlation have been proposed by Bera and Kim (2002) and Tse (2000) . Recent contributions by Kroner and Ng (1998) , Engle and Sheppard (2001) , Engle (2002) , and Tse and Tsui (2002) have developed GARCH models with time-varying covariances or correlations. As an alternative approach, Ramchand and Susmel (1998) and Ang and Bekaert (2002) have estimated a multivariate Markov-switching model and tested the hypothesis of a constant international conditional correlation between stock markets. They obtained that correlation is generally higher in the high-volatility regime than in the low-volatility regime.
In this context, an important issue is how dependency between stock markets can be measured when returns are non-normal. In the GARCH framework, some recent papers have focused on multivariate distributions which allow for asymmetry as well as fat tails. For instance, multivariate skewed distributions, and in particular the skewed Student-t distribution, have been studied by Sahu et al. (2001) and Bauwens and Laurent (2002) . In addition, in the Markov-switching context, Chesnay and Jondeau (2001) have tested for a constant correlation between stock returns, while allowing for Student-t innovations.
1 For most types of univariate distributions, however, it is simply impossible to specify a multivariate extension that would allow the dependency structure to be captured. In this paper, we present a new methodology to measure conditional dependency in a GARCH context. Our methodology builds on so-called ''copula'' functions. These functions provide an interesting tool to model a multivariate distribution when only marginal distributions are known. Such an approach is, thus, particularly useful in situations where multivariate normality does not hold. An additional interesting feature of copulas is the ease with which the associated dependency parameter can be conditioned and rendered time varying, even when complicated marginal dynamics are estimated.
We use this methodology to investigate the impact of certain joint stock return realizations on the subsequent dependency of international markets. Many univariate models have been proposed to specify the dynamics of returns. However, given the focus of this work, we draw on recent advances in the modeling of conditional returns that allow second, third, and fourth moments to vary over time. Our univariate model builds on Hansen's (1994) seminal paper. In that paper, a so-called skewed Student-t distribution is derived. This distribution allows for a control of asymmetry and fat-tailedness. By rendering these characteristics conditional, it is possible to obtain time-varying higher moments.
2 This model, therefore, extends Engle's (1982) ARCH and Bollerslev's (1986) GARCH models. In an extension to Hansen (1994) , Jondeau and Rockinger (2003a,b) determine the expression of skewness and kurtosis of the skewed Student-t distribution and show how the cumulative distribution function (cdf) and its inverse can be computed. They show how to simulate data distributed as a skewed Student-t distribution and discuss how to parametrize time-varying higher moments.
We then consider two alternative copula functions which have different characteristics in terms of tail dependency: the Gaussian copula that does not allow any dependency in the tails of the distribution, and the Student-t copula that is able to capture such a tail dependency. Finally, we propose several ways to condition the dependency parameter with past realizations. It is thus possible to test several hypotheses of the way in which dependency varies during turbulent periods.
In the empirical part of the paper, we investigate the dependency structure between daily returns of major stock market indices over 20 years. As a preliminary step, we provide evidence that the skewed Student-t distribution with time-varying higher moments fits very well the univariate behavior of the data. Then, we check that the Student-t copula is able to capture the dependency structure between market returns. Further scrutiny of the data reveals that the dependency between European markets increases, subsequent to movements in the same direction, either positively or negatively. Furthermore, the strong persistence in the dynamics of the dependency structure is found to reflect a shift, over the sample period, in the dependency parameter. This parameter has increased from about 0.3 over the 1980s to about 0.6 over the next decade. Such a pattern is not found to hold for the dependency structure between the U.S. market and the European markets.
The remainder of the paper is organized as follows. In Section 2, we first introduce our univariate model which allows for volatility, skewness, and kurtosis, to vary over time. In Section 3, we introduce copula functions and describe the copulas used in the empirical application. We also describe how the dependency parameter may vary over time. In Section 4, we present the data and discuss our empirical results. Section 5 summarizes our results and concludes.
A model for the marginal distributions
It is well known that the residuals obtained from a GARCH model are generally non-normal. This observation has led to the introduction of fat-tailed distributions for innovations. For instance, Nelson (1991) considered the generalized error distribution, while Bollerslev and Wooldridge (1992) focused on Student-t innovations. Engle and Gonzalez-Rivera (1991) modeled residuals non-parametrically. Even though these contributions recognize the fact that errors have fat tails, they generally do not render higher moments time varying, i.e., parameters of the error distribution are assumed to be constant over time. Our margin model builds on Hansen (1994) .
2.1. Hansen's skewed Student-t distribution Hansen (1994) was the first to propose a GARCH model, in which the first four moments are conditional and time varying. For the conditional mean and volatility, he built on the usual GARCH model. To control higher moments, he constructed a new density with which he modeled the GARCH residuals. The new density is a generalization of the Student-t distribution while maintaining the assumption of a zero mean and unit variance. The conditioning is obtained by defining parameters as functions of past realizations. Some extensions to this seminal contribution may be found in Theodossiou (1998) and Jondeau and Rockinger (2003a) .
Such a specification has been suggested by Glosten et al. (1993) . Eq. (5) specifies that residuals follow a skewed Student-t distribution with time-varying parameters h t and l t .
Many specifications could be used to describe the dynamics of h t and l t . To ensure that they remain within their authorized range, we consider an unrestricted dynamic that we constrain via a logistic map. 4 The type of functional specification that should be retained is discussed in Jondeau and Rockinger (2003a) . The general unrestricted model that we estimate is given bỹ
We map this dynamic into the authorized domain with
Several encompassing restrictions of this general specification are tested in the empirical section of the paper. In particular, we test, within the class of GARCH models of volatility, the following restrictions: a Gaussian conditional distribution, a standard Student-t distribution, and a skewed Student-t distribution with constant skewness and kurtosis. We will see that the most general model cannot be rejected for all the stock indices considered.
Copula distribution functions

The copula function
Consider two random variables X 1 and X 2 with marginal cdfs
All cdfs F i ($) and H($,$) range in the interval [0, 1] . In some cases, a multivariate distribution exists, so that the function H($,$) has an explicit expression. One such case is the multivariate normal distribution. In many cases, however, the margins F i ($) are relatively easy to describe, while an explicit expression of the joint distribution H($,$) may be difficult to obtain.
5
In such a context, copulas can be used to link margins into a multivariate distribution function. The copula function extends the concept of multivariate distribution for random variables which are defined over [0, 1] . This property allows to define a multivariate distribution in terms of margins F i (x i ) instead of realizations x i . Then, as highlighted in Sklar's theorem (see the Appendix A), one has the equality between the cdf H defined over realizations of the random variables x i and the copula function C defined over margins
We now describe the two copula functions used in our empirical application. For notational convenience, set u i hF i (x i ). The Gaussian copula is defined by the cdf
and the density by 4 The logistic map,
5 It may be argued that multivariate extensions of the skewed Student-t distribution exist (see, in particular, Bauwens and Laurent, 2002) . In fact, the difficulty comes in this case from the joint estimation of two or more distributions, each involving a large number of unknown parameters.
The matrix R is the (2,2) correlation matrix with r as dependency measure between X 1 and X 2 . F r is the bivariate standardized Gaussian cdf with correlation r, À1 < r < 1. The letter F represents the univariate standardized Gaussian cdf. Similarly, the Student-t copula is defined by
and its associated density is
À½ðnþ1Þ=2 ;
T n,r is the bivariate Student-t cdf with degree-of-freedom parameter n and correlation r˛[À1,1], while t n is the univariate Student-t cdf with degree-offreedom parameter n. These two copula functions have different characteristics in terms of tail dependence. The Gaussian copula does not have tail dependence, while the Student-t copula has got it (see, for instance, Embrechts et al., 2003) . Such a difference is likely to have important consequences on the modeling of the dependency parameter. Indeed, Longin and Solnik (2001) have shown, using an alternative methodology, that the correlation between market returns is higher in case of extreme events. 6 Finally, the two copula functions under study are symmetric. Therefore, when the dependency parameter is assumed to be constant, large joint positive realizations have the same probability of occurrence as large joint negative realizations. In Section 3.2, we relax this assumption by allowing the dependency parameter to be conditional on past realizations.
Both Gaussian and Student-t copulas belong to the elliptical-copula family. Thus, when margins are elliptical distributions with finite variances, r is just the usual linear correlation coefficient and can be estimated using a linear correlation estimator (see Embrechts et al., 1999) . In the following, however, we provide evidence that margins can be well approximated by the skewed Student-t distribution, which does not belong to the elliptical-distribution family. It follows that r is not the linear Pearson's correlation and needs to be estimated via maximumlikelihood.
Alternative specifications for conditional dependency
Let us consider a sample {z 1t ,z 2t }, t ¼ 1,.,T. It is assumed that z it gets generated by a continuous cdf F i ($;q i ), where q i represents the vector of unknown parameters pertaining to the marginal distribution of Z it , i ¼ 1,2. In our context, z it is the residual of the univariate GARCH model presented in Section 2.2.
The key observation is that the copula depends on parameters that can be easily conditioned. We define r t as the value taken by the dependency parameter at time t.
For the Student-t copula, the degree-of-freedom parameter n may be conditioned as well. Several different specifications of the dependency parameter are possible in our context. As a first approach, we follow Gouriéroux and Monfort (1992) and adopt a semi-parametric specification in which r t depends on the position of past joint realizations in the unit square. This means that we decompose the unit square of joint past realizations into a grid, with parameter r t held constant for each element of the grid. More precisely, we consider an unrestricted specification:
where A j is the jth element of the unit square grid and
The choice of 16 subintervals is somewhat arbitrary. It should be noticed, however, that it has the advantage of providing an easy testing of several conjectures concerning the impact of past joint returns on subsequent dependency while still allowing for a large number of observations per area. In the empirical section, we test several hypotheses of interest on the parameters d j .
It should be recognized that such a specification is not able to capture persistence in r t . Therefore, we first consider a time-varying correlation (TVC) approach, as proposed by Tse and Tsui (2002) in their modeling of the Pearson's correlation in a GARCH context. The dependency parameter r t is assumed to be driven by the following model:
where
q represents the correlation between the residuals over the recent period, with m ! 2. For stationarity to be guaranteed, the following constraints are imposed: 0 a, b 1, a þ b 1, and À1 r 1. Our empirical analysis, however, reveals a very large persistence in r t , with a þ b very close to 1 in most cases. This result suggests that the TVC model may be inappropriate and that the long-memory feature may be in fact the consequence of a model with large but infrequent breaks (see Lamoureux and Lastrapes, 1990; Diebold and Inoue, 1999; or Gouriéroux and Jasiak, 2001) . 8 This approach has been followed, among others, by Ramchand and Susmel 7 Fig. 2 illustrates the position of the areas d j s. In the figure, we have set equally spaced threshold levels, i.e., p 1 , p 2 , and p 3 take the values 0.25, 0.5, and 0.75, respectively. The same for q 1 , q 2 , and q 3 , respectively. In the empirical part of the paper, we use as thresholds the values 0.15, 0.5, and 0.85. The reason for this choice is that we want to focus on rather large values. If we had used 0.25, 0.5, and 0.75, the results would have been similar, however. 8 We are grateful to a referee for suggesting this interpretation.
(1998), Chesnay and Jondeau (2001) , and Ang and Bekaert (2002) . These authors have obtained, for several market pairs, evidence of the presence of a high-volatility/high-correlation regime and a low-volatility/low-correlation regime. Thus, we also consider, as an alternative approach, a model in which parameters of the Student-t copula are driven by the following model
where S t denotes the unobserved regime of the system at time t. S t is assumed to follow a twostate Markov process, with transition probability matrix given by
Note that, in this model, we do not assume that univariate characteristics of returns should also shift. Rather, only parameters pertaining to the dependence structure are driven by the Markov-switching model.
Quasi maximum-likelihood estimation of this model can be easily obtained using the approach developed by Hamilton (1989) and Gray (1995) . For the degree-of-freedom parameter, we investigated several hypotheses. In particular, we tested whether it is regime independent (n 0 ¼ n 1 ) or infinite, so that the Gaussian copula would prevail for a given regime. We also investigated time-variation in transition probabilities, along the lines of Schaller and van Norden (1997) . We tested specifications in which transition probabilities are allowed to depend on past volatilities (s 1tÀ1 and s 2tÀ1 ) as well as on correlation between the residuals over the recent period (x tÀ1 ). We were unable, however, to obtain a significant time-variation in the probabilities using such variables.
Estimation
We now assume that the copula function depends on a set of unknown parameters through the function Q(z 1tÀ1 ,z 2tÀ1 ;q c ). We have
0 for the TVC specification, and q c ¼ (r 0 ,r 1 ,n 0 ,n 1 ,p,q) 0 for the Markov-switching model. We also denote f i as the marginal density of z it . In the context of a skewed Student-t marginal distribution, as presented in Section 2, this density is simply defined by
Á 0 the vector of all parameters to be estimated. Consequently, the log-likelihood of a sample is given by
Maximum-likelihood estimation involves maximizing the log-likelihood function (12) simultaneously over all parameters, yielding parameter estimates denoted b
In some applications, however, the ML estimation method may be difficult to implement, because of a large number of unknown parameters or of the complexity of the model. 9 In such a case, it may be necessary to adopt a two-step ML procedure, also called inference functions for margins. This approach, which has been introduced by Shih and Louis (1995) and Joe and Xu (1996) , can be viewed as the ML estimation of the dependence structure given the estimated margins. First, parameters pertaining to the marginal distributions are estimated separately:
Second, parameters pertaining to the copula function are estimated by solving the following equation:
ln cðF 1 ðz 1t ;q 1 Þ; F 2 ðz 2t ;q 2 Þ; Qðz 1tÀ1 ; z 2tÀ1 ; q c ÞÞ:
Patton (2006) has shown that this two-step estimation yields asymptotically efficient and normal parameter estimates. If q 0 denotes the true value of the parameter vector, the asymptotic distribution ofq TS ¼ ðq
where the asymptotic covariance matrix U may be estimated by the robust estimator 
Empirical results
The data
We investigate the interactions between four major stock indices. The labels are SP for the S&P 500, FTSE for the Financial Times 100 stock index, DAX for the Deutsche Aktien Index, and CAC for the French Cotation Automatique Continue index. Our sample covers the period from January 1, 1980 to December 29, 2000.
All the data are from Datastream, sampled at a daily frequency. To eliminate spurious correlation generated by holidays, we eliminated those observations when a holiday occurred at least for one country from the database. This reduced the sample from 5479 observations to 4578. Note that such an observation would not affect the dependency between stock markets during extreme events. Yet, it would affect the estimation of the return marginal distribution and, subsequently, the estimation of the distribution of the copula. In particular, the estimation of the copula would be distorted to account for the excessive occurrence of null returns in the distribution. To take into account the fact that international markets have different trading hours, we use once lagged U.S. returns, although this does not significantly affect the correlation with European markets (because trading times are partially overlapping). Preliminary estimations also revealed that the crash of October 1987 was of such importance that the standard errors of our model would be very much influenced by this event. For the S&P, on that date, the index dropped by À22%, while the second largest drop was À9% only. For this reason, we eliminated the data between October 17 and 24. This further reduces the sample to a total of 4572 observations. Table 1 provides summary statistics on stock market returns. Returns (r t ) are defined as 100 Â ln (P t /P tÀ1 ), where P t is the value of the index at time t. Statistics are computed after holidays have been removed from the time series. Therefore, the number of observations is the same one for all markets, and the series do not contain days when a market was closed. We begin with the serial dependency of returns. The LM(K ) statistic tests whether the squared return is serially correlated up to lag K. This statistic clearly indicates that ARCH effects are likely to be found in all market returns. Also, when considering the LjungeBox statistics, QW(K ), after correction for heteroskedasticity, we obtain that returns are serially correlated for all the retained indices.
We also consider the unconditional moments of the various series, with standard errors computed using a GMM-based procedure. We notice that for all series skewness, Sk, is negative. Moreover, excess kurtosis, XKu, is significant for all return series. This indicates that the empirical distributions of returns display fatter tails than the Gaussian distribution. The Wald statistic of the joint test of significance of skewness and excess kurtosis corroborates this finding. 10 Finally, the unconditional correlation matrix indicates that a rather large dependency between market returns is expected. The correlation is the smallest between the SP and the CAC, and the largest between the DAX and the CAC.
Estimation of the marginal model
In a preliminary step, we consider several restrictions of the general marginal model as possible candidates for adjusting the empirical return distribution. Table 2 reports the goodness-offit tests for these distributions. For this purpose, we follow Diebold et al. (1998) , henceforth DGT, who suggested that, if a marginal distribution is correctly specified, the margin u it should be iid Uniform(0,1). The test is performed in two steps. First, we evaluate whether u it is serially correlated. Hence, we examine the serial correlation of ðu it À u i Þ k , for k ¼ 1,.,4 by regressing ðu it À u i Þ k on 20 own lags. 11 The LM test statistic is defined as (T À 20)R 2 , where R 2 is the coefficient of determination of the regression, and is distributed as a c 2 (20) under the null. In Table 2 , these tests, labeled DGT-AR (k) , generally do not reject the null hypothesis. In particular, even when residuals are assumed to be normal, the first four moments are found to be non-serially correlated for the SP and the FTSE, while the DAX return and the CAC volatility are found to be serially correlated. Second, we test the null hypothesis that u it is Uniform(0,1). For this purpose, we cut the empirical and theoretical distributions into N bins and test whether the two distributions significantly differ on each bin. An advantage of the approach suggested by DGT is that it permits a graphical representation which can be used to identify areas where the theoretical distribution fails to fit the data. Table 2 reports the test statistics, labeled DGT-H(N ), for various distributions with p-values computed with N À 1 degrees of freedom. 12 We consider the case where N ¼ 20 bins. Similarly, Fig. 1 displays, for the SP and the CAC indices, the estimates of the density of u it for each bin for the normal distribution and for the skewed Student-t distribution with time-varying skewness and kurtosis. While the table indicates that the normal distribution is strongly rejected for all markets, at any significance level, the figure reveals that the rejection of the normal distribution is attributable to its inability to fit the fat tails of the empirical distribution. The standard Student-t distribution is not rejected for the SP and the CAC, suggesting that asymmetry is not a major feature for these indices. The skewed Student-t distribution is found to fit the data quite well, except for a few number of bins for the DAX. Finally, when skewness and kurtosis are allowed to vary over time, we do not reject the null hypothesis that the theoretical distribution provides a good fit of the empirical distribution for any return series, at the 5% level. Table 3 presents estimates of the general model in which volatility, skewness, and kurtosis are time varying. 13 We can summarize our empirical evidence for margins as follows. First, a negative return has a stronger effect on subsequent volatility than a positive return of the same magnitude. This result is consistent with the well-known leverage effect, documented by Campbell and Hentschel (1992) , and Glosten et al. (1993) .
Second, the impact of large returns on the subsequent distribution is measured via l t and h t . The unrestricted dynamics ofl t andh t gets mapped into l t and h t with the logistic map. The dynamics of the degree-of-freedom parameter h t is found to be rather persistent, except for the FTSE. The significantly negative sign of b þ 1 suggests that, subsequent to large positive realizations, tails thin down. In contrast, we do not obtain significant estimates of b À 1 . This result suggests that a crash is more likely to be followed by a subsequent large return (of either sign) than by a boom.
The asymmetric impact of large returns on the subsequent distribution is measured by the dynamics of l t . We find that, in general, past positive returns enlarge the right tail, while past negative returns enlarge the left tail. The effect of positive returns is slightly larger than the effect of negative returns, although not always significantly. Last, the asymmetry parameter is found to be persistent, in particular in European markets. Table 4 reports parameter estimates for the Gaussian and Student-t copulas, when the dependency parameter is assumed to be constant over time. For all market pairs, the estimate of the 12 As shown by Vlaar and Palm (1993) , under the null, the correct distribution of the test statistic is bounded between a c 2 (N À 1) and a c 2 (N À K À 1) where K is the number of estimated parameters. 13 See Jondeau and Rockinger (2003b) for more details on the estimation method. dependency parameter is found to be positive and strongly significant. As expected, it is statistically and economically much larger between European pairs than between pairs involving the SP. This result reflects the fact that European stock markets are more widely integrated. We also performed a goodness-of-fit test to investigate whether a given copula function is able to fit the dependence structure observed in the data, along the lines of DGT.
Estimation of the multivariate model 4.3.1. Model with constant dependency parameter
14 For all market pairs, we obtain that the Student-t copula fits the data very well, since the null hypothesis is never rejected. In contrast, the Gaussian copula is unable to adjust the dependence structure between European markets.
To provide further insight on the ability of the chosen copulas to fit the data, we also report the log-likelihood and the AIC and SIC information criteria. A LR statistic tests for the null hypothesis that the degree-of-freedom parameter of the Student-t copula is infinite, so that the Student-t copula would reduce to the Gaussian copula. On the basis of the information criteria as well as the LR test, we strongly reject the Gaussian copula specification. As will be shown later on, this result is consistent with the finding that the dependency is stronger in the tails of the distribution than in the middle of the distribution. Since the Student-t copula is preferred over the Gaussian one, we focus in the following on the Student-t copula only. 
Semi-parametric model for dependency
We first turn to the discussion of the estimation of the model in which the dependency parameter r is rendered conditional on past realizations, using the bivariate semi-parametric model (8), as suggested by Gouriéroux and Monfort (1992) . Due to the large number of parameters, we do not report the estimates for all market pairs. Instead, we display in Fig. 2 the unit square with parameter estimates of the various d j s and their standard errors, for the SPeFTSE as well as the FTSEeCAC. These two pairs can be viewed as two polar cases. The first pair has 15 We performed the same estimations with the Gaussian copula and found that the reported results were not altered by the change of copula. Results are available upon request from the authors. a very low dependency parameter (r ¼ 0.24), while the second one has the largest r (r ¼ 0.49). Inspection of the figures indicates that the extreme diagonal elements for the FTSEeCAC take the values 0.64 and 0.59 that compare with 0.17 and 0.28 for the SPeFTSE. Inspection of the figures, and comparison with the off-diagonal elements show that, subsequent to dissimilar events, i.e., one market goes up, and the other goes down, the likelihood to find a similar event is small. This observation holds also for most market pairs under investigation. We wish now to test the feature of the dependency parameter more formally. In Table 5 , we report the results of the tests for conditional dependency. Since we essentially focus on the parameters along the diagonal, we first present those parameters which correspond to the level of dependency whenever lagged realizations of both markets belong to the same quartile. Then, the table displays Wald test statistics associated with the different hypotheses presented in Section 3.2.
In a first test, we investigate whether the piecewise constant grid of the u 1 À u 2 unit square yields significantly different values for the d j s. This test corresponds to the null hypothesis H 1 :
versus inequality for at least one pair of elements. The test statistic is distributed under the null as a c 2 (15). For market pairs involving the SP, we do not reject the null hypothesis at the 5% significance level. In contrast, the dependency of r on past realizations is not rejected for European market pairs. Our evidence is broadly consistent with previous empirical results This table reports parameter estimates for the copula functions when the dependency parameter is assumed to be constant over time. Parameters are r for the Gaussian copula, and r and n for the Student-t copula. Following Diebold et al. (1998) , the table also reports the test statistic for the null hypothesis that the cdf of residuals is Uniform(0,1). Under the null, the statistic is distributed as a c 2 (25). We also report the log-likelihood ([ L) as well as the AIC and SIC information criteria. For the Student-t copula, LRT is the LR test statistic for the null hypothesis that 1/n ¼ 0. Finally, empirical r is the sample correlation between the margins. In this table as well as all the following ones, significance is denoted by superscripts at the 1% ( a ), 5% ( b ) levels. obtained, among others, by Bera and Kim (2002) and Tse (2000) , who provided formal tests for a constant conditional correlation between stock markets. On one hand, Bera and Kim (2002) found that for most market pairs, the hypothesis of a constant conditional correlation should be strongly rejected. On the other hand, Tse (2000) provided more mixed evidence, suggesting that the test developed by Bera and Kim may have low power under non-normality. Our test procedure does not require any distributional assumption, since marginal models are estimated in a preliminary step. In addition, due to its semi-parametric design, this test does not assume any particular form under the alternative. Note finally that the results of this test are consistent with the evidence provided in the rest of this section, based on a particular parameterization under the alternative. Next, we consider a test of asymmetry in the persistence of extreme events. Whereas Longin and Solnik (2001), Hartmann et al. (2001) , and Poon et al. (2004) focus on the contemporaneous correlations in the tails, finding that correlation is stronger in downside markets than in upside markets, we question whether the dependency between markets is stronger subsequent to downside markets than subsequent to upside markets. Therefore, we compare the magnitude of parameters d 1 and d 16 . The value d 1 measures the dependency subsequent to downside markets, while d 16 measures the dependency subsequent to upside markets. We construct a formal test of the hypothesis that H 2 :
We notice first that, for most pairs, the estimates of (d 1 À d 16 ) take a positive value, meaning that joint downside movements create stronger dependence than corresponding upside movements. Yet, the difference is significant for neither of the market pairs. Therefore, unlike the evidence obtained by Longin and Solnik (2001) using the extreme value theory, we find that a crash and a boom of the same magnitude have generally a similar effect on subsequent correlation, so that it is the increase in volatility which primarily affects correlation. Such an interpretation has been recently put forward by Poon et al. (2004) .
To confirm this result, we presently investigate whether large joint returns, be they of positive or negative sign, yield higher dependency than small joint returns. We formulate this hypothesis as a test of H 3 :
Inspection of the test statistics shows that, for most cases, the null cannot be rejected. Longin and Solnik (1995) performed a similar test of asymmetry in correlation between stock markets (see their  Table 8 ). They investigated whether the U.S. market shocks affect correlation in a different extent depending on both the sign and the magnitude of the shocks. They obtained that in most cases large shocks in the U.S. market, either positive or negative, have a similar effect on subsequent correlation than small shocks. Interestingly, we find very similar patterns for pairs involving the SP, since parameters d 1 and d 16 are smaller than parameters d 6 and d 11 . In contrast, for European market pairs, we obtain that large shocks have a stronger effect on volatility than small shocks, although the difference is significant for the FTSEeCAC pair only. This suggests that correlation between European markets tends to increase during agitated periods, while this is not likely to be the case between the U.S. market and the European markets.
The last test investigates whether joint variations, be they large or small, have a stronger effect on conditional dependency than opposite variations. Therefore, we test the null hypothesis
We find that the null hypothesis is not rejected for pairs involving the SP. In contrast, the three European market pairs display large values of the test statistics (2, 5.3, and 4.8) , all having small p-values. This test indicates that joint variations (whatever the sign and magnitude) increase subsequent dependency of returns, suggesting a persistence in dependency.
Modeling persistence in dependency
The last issue we address in this paper is the persistence in the dependency parameter. Estimations presented above have shown that, in many circumstances, past joint realizations affect the international dependency. We now measure the extent to which the persistence in dependency is likely to attenuate this link. We thus estimate two specifications which are designed to capture such a persistence, the TVC model (Eq. (9)) and the Markov-switching model (Eqs. (10) and (11)).
QML estimates of the TVC model are reported in Table 6 , with m ¼ 5 lags in the computation of x t , so that short-term correlation is computed over one week of data. (The results are not altered when we select m ¼ 10 or 20.) This table reveals that persistence in the dynamics of dependency is very strong with a parameter, b, ranging between 0.942 and 0.995. The effect of the past short-term correlation between residuals, measured by a, is strongly significantly positive for European market pairs, but barely significant for pairs involving the SP. These results suggest that the TVC model may be inappropriate for modeling the dynamics of the dependency parameter for pairs involving the SP. Furthermore, dependency appears to be very large and persistent between European markets, a feature which may be the sign of large but infrequent breaks in the dynamics of dependency. We thus turn to the estimation of a Markov-switching model for capturing the persistence in the dependency structure. Table 7 reports QML parameter estimates of the Markov-switching model in which both correlation and degree-of-freedom parameters are regime dependent. State 0 is associated with a low dependency between stock markets, while State 1 corresponds to the highdependency regime. First, for all market pairs, the difference between the correlations estimated for the two regimes are strongly significant. In regime 0, correlations are about 0.23 for pairs involving the SP and about 0.3 for European market pairs. In regime 1, This table reports parameter estimates for the Student-t copula when the dynamics of the dependency parameter r is given by a TVC model. Parameters are defined in Eq. (9). We also report the log-likelihood and the AIC and SIC information criteria. This table reports parameter estimates for the Student-t copula when the dynamics of the dependency parameter r and the degree-of-freedom parameter n are given by a Markov-switching model. Parameters are defined in Eqs. (10) and (11). We also report the log-likelihood and the AIC and SIC information criteria.
correlations are about 0.5 and 0.65, respectively. Another interesting result is that, in some cases, the difference between the degree-of-freedom parameters is rather large, but barely significant. For the SPeDAX, the Student-t copula in regime 0 reduces to the Gaussian copula. For other market pairs, the dependency parameters are significantly different between the two regimes, while the degree-of-freedom parameters may be insignificantly different one from the other. Another noticeable result provided by these estimates concerns the expected duration in a given regime. Expected duration (in days) is computed as (1 À p) À1 for regime 0 and (1 À q) À1 for regime 1. Results reported in Table 7 indicate that, for pairs involving the SP, the expected duration in the low-correlation regime is very long as compared with the expected duration in the high-correlation regime. For instance, for the SPeFTSE, the corresponding expected durations are 278 days and 17 days, respectively. This result suggests that the second regime may be economically irrelevant. In contrast, for European markets, the durations expected for the two regimes are very close. Therefore, the two regimes are more balanced and are likely to be relevant in order to capture the dynamics in the dependence structure.
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To provide further insight on the dynamics of the dependency structure between European markets, we consider now the evolution through time of the dependency parameter. Fig. 3 displays the evolution of parameter r t for the FTSEeDAX and FTSEeCAC, estimated by the TVC model as well as by the Markov-switching model. For the latter model, we plot the aggregated-over-regimes (or implied) conditional dependency at time t. It is defined as (r 0 p 0t þ r 1 (1 À p 0t )), where p 0t denotes the ex ante probabilities Pr[S t ¼ 0 | I tÀ1 ]. Interestingly, we notice that the evolutions of dependency estimated with the TVC model and the Markov-switching model look rather similar. This corroborates the rather close values of the information criteria obtained for the two models for these market pairs. The figure reveals that the dependency between the FTSE and the DAX is characterized essentially by two long subperiods. The first one, from 1980 to 1989, corresponds to a high probability of being in the low dependency regime 0 (with r 0 ¼ 0.26). During this period, two shortlasting increases in the dependency between the FTSE and the DAX occurred in September 1981 and October 1987, when the two markets experienced simultaneous crashes. The second period, from 1990 on, is mainly associated with the high-dependency regime 1 (with r 1 ¼ 0.56). The initial increase in dependency corresponds to the Kuwait crisis, from Iraq's invasion on August 2, l990 through the conclusion of the Gulf war on March 3, 1991. Then the dependency between the FTSE and the DAX experienced a short-lasting decrease around September 1992. It can be explained by the EMS crisis, which was accompanied by a sharp increase in the FTSE. In contrast, the dependency briefly decreased in September and October 1995, when the DAX suffered from a marked decrease. We may observe that such events affected the dependency negatively, because only one market was under pressure. Finally, at the end of the period under study, from 1997 on, the two markets are strongly dependent. The increase in 1997 may be linked to the South-east Asian crisis, which started around June 1997. The period from 1998 to 1999 may also be related to the Russian crisis, which started with the collapse of the bond market at the beginning of August 1998.
The second pair, between the FTSE and the CAC returns, displays a similar pattern. One noticeable exception is the period 1981 and 1982. While the dependency between the FTSE and the DAX strongly increased over this period, the FTSE and the CAC did not experience such a pattern. This may be explained by the fact that the French market was, at this time, strongly affected by domestic political changes.
Conclusion
The methodology developed in this paper resorts to copula functions for modeling dependency between time series, when univariate distributions are complicated and cannot be easily extended to a multivariate setup. We use this methodology to investigate the dependency structure between daily stock market returns over the period 1980e1999.
We first provide empirical evidence that the distribution of daily returns may be well described by the skewed Student-t distribution, with volatility, skewness, and kurtosis varying over time. In such a context, modeling several returns simultaneously, using the multivariate extension of this distribution, would be extremely cumbersome. Subsequently, we use copula functions to join these complicated univariate distributions. This approach leads to a multivariate distribution which fits the data well, without involving time-consuming estimations. Finally, we describe how the dependency parameter can be rendered conditional and we propose alternative specifications to model the dynamics of the dependency parameter. On one hand, the dependency parameter is allowed to depend on the position of past realizations of margins in the unit square. This model provides a semi-parametric description of the dependency parameter. The dependency between European markets is found to increase significantly subsequently to movements in the same direction, either a crash or a boom. On the other hand, the dynamics of the dependency structure is captured through a time-varying correlation model and a Markov-switching model. Empirical evidence reveals that the dependency between European market pairs is time varying and has significantly increased between 1980 and 1999, contrary to the dependency between the U.S. and European markets. This methodology may also be used in several contexts, such as conditional asset allocation or Value-at-Risk computation in a non-normal framework. To implement asset allocation in such a context, it is necessary to compute expressions involving multiple integrals of the joint distribution, while VaR applications require computing the probability that a portfolio exceeds a given threshold. Once the marginal models are known, such computations can be performed rather easily using numerical integration. This definition provides a multivariate extension of the definition of the cdf. An important property of the copula function is that it is defined over variables uniformly distributed over [0, 1] . Now, if we set u i ¼ F i ðx i Þ, then the copula function CðF 1 ðx 1 Þ; F 2 ðx 2 ÞÞ describes the joint distribution of X 1 and X 2 . We can now propose the following theorem, which first appeared in Sklar (1959) .
Theorem 2. (Sklar's theorem for continuous distributions). Let H be a joint distribution function with margins F 1 and F 2 . Then, there exists a copula C such that, for all real numbers x 1 and x 2 , one has the equality Hðx 1 ; x 2 Þ ¼ CðF 1 ðx 1 Þ; F 2 ðx 2 ÞÞ: ð14Þ
Furthermore, if F 1 and F 2 are continuous, then C is unique. Conversely, if F 1 and F 2 are distributions, then the function H defined by Eq. (14) is a joint distribution function with margins F 1 and F 2 .
In this work, we resort to the ''converse'' part of this theorem and construct a multivariate density from marginal ones.
